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The nonuniform turbulence  p rob lem is t r ea t ed  by  a s ta t i s t ica l  approach based on the use  of 
a f inite number  of equations fo r  the h i g h e r - o r d e r  s ingle-point  co r r e l a t i ons ,  Additional dif-  
fe rent ia l  equations a r e  der ived  f o r  the "unknown" momen t s  in the s ingle-point  co r r e l a t i on  
equations.  The equations a r e  c losed by :means of approx imate  express ions  fo r  the an i so-  
t ropic  two-point  co r r e l a t i on  t en s o r s  fo r  nea r  points .  A closed s y s t e m  of seven t ensor ia l  d i f -  
fe ren t ia l  equations is given, descr ib ing  the var ia t ion  of the fundamental  c h a r a c t e r i s t i c s  of 
nonuniform turbulence .  

At tempts  have been made  r ecen t ly  [1] to fo rmula t e  a t heo ry  of nonuniform turbulence  on the bas i s  of 
a finite number  of equations fo r  the h i g h e r - o r d e r  co r r e l a t i ons .  This approach  to the p rob lem has  undoubt- 
edly r ece ived  its fu l les t  t r e a t m e n t  in [2-13]. In the l a t t e r ,  the  equations fo r  the s ingle-point  co r r e l a t ions  
a r e  closed by the introduction of ce r t a in  phenomenological  hypotheses  based  on the fo rma l  analogy between 
turbulent  and/molecular  momentt~m t r a n s f e r .  The l a r g e r  the number  of co r r e l a t i on  equations analyzed in 
this  case ,  the l a r g e r  m u s t  be  the number  of hypotheses ,  so  that  it becomes  n e c e s s a r y  to de te rmine  a l a rge  
number  of d imens ion less  empi r i ca l  coeff ic ients .  

In the p resen t  a r t i c l e  we endeavor  to se t  fo r th  a s ta t i s t ica l  descr ip t ion  of the dynamics  of nonuniform 
turbulence  in an i ncompres s ib l e  fluid on the ba s i s  of the equations fo r  the s ing le -  and two-point  co r re l a t ions  
of the f luctuat ion va r i ab le s ,  The fundamental  s y s t e m  of different ia l  equations fo r  the ve loc i ty  co r r e l a t i ons  
is c losed,  not by the use  of phenomenological  hypotheses ,  but by  means  of additional different ial  equations 
for  the ntmknown~ co r re l a t ions  and expres s ions  fo r  the aa i so t rop ic  two-point  co r r e l a t i on  t en so r s  fo r  c lose ly  
spaced  points .  

The fundamental  equations a r e  as fol lows:  

i ncompres s ib i l i t y  equations:  

Reynolds equations: 

ou~ . = Oi 
Ox k 

OU~ au  i .+_ o 1 , oP 
o ~  + u~ - -  u~u h . . . . .  + vA~ui, Ox~ Ox h p Ox~ 

double s ingle-point  co r r e l a t i on  equations [1]: 

0 u ~ % §  h 0 u~%+u~u k OUi OUt 
~ ax---S ~ + uiuh axh - -  "A~u~ui 

+ ~ uluiu h u~ + - -  0 
Ox h p ~ a x j  Ox~ I Ox k Ox~ 

triple s ingle-point  correlation equations [7]: 

0 uluju~ § UI 0~ ui%~k § uiu;ul OU~ OUi 
O~ Ox~W + uju~uz Ox~- 

(1) 

(2) 

(3) 
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We adopt the following hypothesis  of Millionshchikov [14] as the fundamental hypothesis  l imit ing the 
number  of cor re la t ion  equations: 

lllUjUhU l = bliU J UhU l -3 i- UiU-'--" h IljU l ~- UlU l UjUk. (5) 

It is well known [1] that hypothesis  (5) is s t r i c t ly  valid only fo r  f ields having a Gaussian density function. 
However ,  as shown by numerous exper imental  data, it can be r ega rded  as fully sa t i s fac tory  for  a lmos t -  
isotropic  flows [15-19] and for  s t rongly  nonuniform flows [20-23]. 

Despite the fact that hypothesis (5) can be used to produce a si tuation in which the number  of veloci ty 
cor re la t ions  and the number  of equations descr ibing them axe the same,  the incIusion in the n th -o rde r  c o r -  
re la t ion  equations of equa l -o rde r  cor re la t ions  containing der ivat ives  of the velocit ies and p r e s s u r e  [the 
underscored  t e rms  in Eqs.  (3)-(4)] prevents  the c losure  of this fundamental sys tem of equations. 

F o r  the investigation of the above-indicated unknown cor re la t ions  it is advisable to r ep re sen t  them 
as functions of the two-point cor re la t ions ,  introducing the new coordinate  sys tem [24] 

1 
;h = (xk)++ - -  (xgA, (xh)~B = ~ -  [(xkh + (xk)~ l, (6) 

which re f lec t s  the dependence of the two-point cor re la t ions  on the distance between two given points A and 
B and on the positions of those points in the flow field.  Then the cor re la t ion  charac te r iz ing  the dissipation 
of fluctuation kinetic energy in Eq. {3) can be wri t ten in the fo rm  

Ou~ Ou i 1 

We now derive a differential  equation descr ibing the variat ion of the t ensor  (A~u~iu[) 0 in the nonuniform 
turbulence field.  Our s tar t ing  point is the dynamical equation for  the two-point veloci t~ cor re la t ion  in non- 
uni form turbulence;  in the coordinates  (6) this equation takes the fo rm  [24] 

0 
O~ .,u) + Uh.~ - - ,  au, I au, 1 , 

.~.-~- ,., (.,.; u~ + u,.,~;.) + (.,.,.;-~.) 

0 ui p, ) 1 ~,(A,:)ABUiU~--2vA~uiu } = 0. (8) - o;~- - T  

Per fo rming  the operat ion [z~( )]0 on Eq. (8) and ca r ry ing  out some s imple  t rans format ions  associated 
with the introduction of the new coordinate  sys tem (6), we obtain the equation 

1 [A OV, ~ + our - -  au~ (A:.7) 
& 

au.  ., a~u~ [ a -----~ a2uj ( o uu" )o  
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LL ax~ I~  jo  LL % )Ao 'do 
0 

l a 

\ ax; lAB Jo 

1 ,, [ ( a~ t~&u~u ; . ]o -  2,, [a~ ( A ~ ; ) ] o  = o. 
2 

(9) 

The cor re la t ions  containing p r e s s u r e  f luctuations in Eq. (3) :may be r e p r e s e n t e d  as follows in the co-  
ordinate  s y s t e m  (6): 

p OXj ~ AB O-- 0 

We next derive differential equations for the correlation (I/p)pu r entering into (I0). As we know [I], the 
pressure fluctuations satisfy an equation of the Poisson type: 

1~--A~. = - - 2  c)Um Ou,~ O~ (u.~u,~--~u,~). (11) 
9 Ox~ Ox,.  Ox~Ox,,. 

Writing this equation at point A, :multiplying by u r ,  and averaging,  we obtain 

T o~. / A -oTj ,  ( - - - - ~  "~"o~; " A \Ox,flx. ].4 

T r a n s f o r m i n g  to the new var iab les  (6), we r e w r i t e  the l a t t e r  equation in the f o r m  

[1 (0 0! < 
9 . Ox,~ 

1 X ( - - I  Un"r--( O~TnU'rl 1 r /  0a ~ ' - -  - - l  l - - I  t t m t t n U  r 
k OX.~IAB \Or ] 4 EL axmOx,~ lAB 

( / 0 ~- a l o o ' I �9 t - - )  ( - - u , ~ u ~ u ' ] q -  . - - -u~u ,~u"  ) ]  �9 (12) 
2 

Then we cons ider  the  unknown t e r m s  of the t r ip le  e o r r d a t i o n  equation (4). The co r re l a t ions  c h a r a c -  
t e r i z ing  the diss ipat ion of turbulence  due to v i scos i ty  m a y  be r e p r e s e n t e d  as follows in the var iab les  (6): 

( Ouj Ou h Ou, Ou h Ou~ Ouj ) 
2 u, Oxl Oxa q- uj O& Oxt Jr u~ O.vl O& 

4 

and the correlations containing pressure fluctuations may be written in the form 

+ ( _ C  / , ~ ; ~ ; +  ~ o , ,  o 

Now we der ive  a different ial  equation for  the co r re l a t ion  (1/p)PUrU s .  To do so we make  use of the 
Poisson  equation (11) at point A. Multiplying this equation by UrU s T  , and averaging,  we obtain 

U~UFt �9 
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T r a n s f o r m i n g  to the new var iab les  (6), we r e w r i t e  this equation fo r  ~ = 0 in the f o r m  

1 0 

(ov  / 0 
- ~  "~";"; ]0 

1 0 ~ -2-( 0--~ )AB 0;~ 
l (O) o o2] 

With (5) taken into account,  Equations (1)-(4), (9), and (12)-(14) f o r m  a s y s t e m  of equations descr ib ing  
the behav ior  of the fundamental  c h a r a c t e r i s t i c s  of nonuniform turbulence .  These  equations contain a s e r i e s  
of unknown t e r m s ,  which r e p r e s e n t  differential  ope ra to r s  of the two-point  co r re la t ions  at the point ~ = 0. 
Consequently,  these  t e r m s  can be de te rmined  if the cor responding  two-point  co r r e l a t ions  for  n e a r  points 
a r e  known. We adopt as our c r i t e r ion  of " n e a r n e s s "  fo r  two points the m i c r o s c a l e s  of the cor responding  
co r re l a t ions .  Hence,  ff the co r re la t ion  t e n s o r s  a re  r e p r e s e n t e d  as expansions in power  s e r i e s  on the di -  
mens ion le s s  ( r e f e r r ed  to the appropr ia te  mic rosca l e )  coordinate  ~, then fo r  c lose ly  spaced points we can 
l imi t  the expansions to the f i r s t  few t e r m s .  In the region between two nea r  points the turbulence  is a ssumed  
to be  uni form.  Thus,  with the use of the  two-point  co r r e l a t i on  t enso r s  fo r  two nea r  points ,  in o rder  to  c lose  
the nonuniform turbulence  equations with r e s p e c t  to the t e r m s  r ep re sen t ing  differential  ope ra to r s  of the 
two-point  cor re la t ions  t en s o r s  we can invoke the concept  of local  uni formity ,  i . e . ,  a s s u m e  at any point of 
the flow field that the co r re la t ion  t en s o r s  in the given t e r m s  a re  homogeneous (on the coordinate  ~), but 
va ry  in the space  x k. 

The fundamental  conditions that  mus t  be sa t is f ied  by the anisot ropic  two-point  co r re l a t ion  t en so r s  a r e  
as fol lows:  

coincidence with the cor responding  s ingle-point  co r re l a t ions  at ~ = 0, i . e . ,  

( u ~ u s . .  . u'~) o = u ~ u ~ . .  . u ~ ,  (15) 

coincidence with the cor responding  i so t ropic  t en so r s  under i so t ropy ,  i . e . ,  

( ~ J . -  " " ;d*  = Q~ . . . . .  (16) 

coincidence of the different ial  ope ra to r s  of the anisotropic  co r re l a t ion  t enso r s  with r e s p e c t  to ~ at 
= 0 and with r e spec t  to the i so t ropy  condition with the cor responding  opera to r s  of the isotropic  t e n s o r s  

at ~= 0, i . e . ,  

(L~, . . . l  , ~ j .  �9 �9 , ;~);  = (L~, ...~ Q~s... ~; )o. (17) 

It  follows f r o m  the genera l  theory  of t enso r  invar iaa t s  [25] that an nth-ramk isot ropie  co r re l a t ion  
t en so r  can be r ep re sen t ed  as a l inear  combination of ce r t a in  (defining) t enso r s  of the s a m e  rank  (~i fo r  the 
f i r s t - r a n k  cor re la t ion  t enso r ,  ~i~i 6ii f o r  the s econd- rank  co r re l a t ion  t enso r ,  ~i~j~k, 5t j~,  5ik~j, 6jldgi fo r  
the th i rd  r ank  t en s o r ,  e t c . ) ,  wh~re the coeff icients  of these  t en so r s  a r e  s ca l a r  functions of ~. Accord -  
ingly, conditions (15) and (16) can be sa t is f ied  if the number  of above- indicated defining t enso r s  is 
complemented  by the cor responding  s ingle-point  co r r e l a t i ons .  Thus,  proceeding f r o m  conditions (15) and 
(16), we r e p r e s e n t  the approx imate  express ions  for  the anisotropic  co r re l a t ion  t en so r s  as a l inea r  combina-  
tion of t enso r s  which a r e  the defining t enso r s  fo r  the cor responding  i so t ropic  t en so r s  and s ingle-point  c o r -  

r e la t ions* :  

ca' k = A ( ~ ) ~  + S(~2s) cu k, 

u~u---~ = A ( ~ ) ~ h  + B (~)6~h -t- c (~2)u~u~, (18) 

u,uj.u; = A (;2s);~;i[j h -I- B (;2s)Su; ~ -I- c (;~) (8,k;~ + 5jh;,) -1- D (;~) u~uiu ~ 

etc. 

*A s i m i l a r ,  though somewhat  m o r e  complex  s cheme  fo r  the fo rmat ion  of the anisot ropic  co r re la t ion  t en so r s  
has  been proposed  by  Chou [7]. H e r e  also the notion of a x i s y m m e t r i c  turbulence  can be used [26, 27]. 
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Inasmuch as the expressions for the correlation tensors are needed only at near points, we expand the 

coefficients in (18) in a multiple Taylor series: 

( O K  I ~m%. 1 [ O~K \ 
T( )5 

Then, using condition (15), we r e w r i t e  the t enso r s  (18) in the f o r m  

cu'~ = cu h+ ~-~ (a o + a ~  + . . . )~ i  %" bm~m %" . b~,~m~ %... . P~ , 

( 1 
u~u; = u~u~ %" ~ -  (ao + a~,~ + . . . )  ~ + bm~ ~ %. 2! 

2!  c~,~.,~%. . . . ) R ~ i ] ,  

qa 
u~u~u'~ = u~u~ %" ~ [(a0 + a ~  + . . . )  ~fl~ 

+ (b o + bm~ + . . .)  6q~  + (c o + c ~  + . . . )  (5~i  + 6 ~ )  + (d~, ,  + . . . )  S~l .  (19) 

Owing to the un i formi ty  of the turbulence  in the region between the two given c lose ly  spaced points,  
the co r re l a t ion  t en s o r s  (19) mus t  sa t i s fy  the invar iance  conditions under ' r e f l ec t ion  f r o m  aJay point in space  
and under  interchanging of the two points,  i . e . ,  [24], 

cu'~ (~) = - -  c'u,. (~), . ,u }  (~;) = u~u~ (~), 

u,uj.~ (I) = - . i  ~)~ (~). 

These  conditions imply  that  ~--6~, ' ' ' uiuju k, and the other  t enso r s  of odd r ank  contain only odd powers  of 
�9 ! 

~, while uiu j and the other  t e n s o r s  of even r a n k  contain only even powers  of ~. Moreover ,  the s ingle-point  
co r r e l a t ions  of odd o rder  a r e  equal to ze ro .  Equations (19) can t h e r e f o r e  be r ewr i t t en  in the f o r m  

1 
c , i =  ~ -  ao+Si-, am~:m:~+... :~ , 

+-V ~ ~ ,  + �9 ) ~  + (~-, ~ 

+ y vm, j~ t ,~ j~  + . .  R!h i*'uJu'k = 3-V~ (~o + . . . ) ~ j ~  

( 
x (~6ih + ~5~k)] �9 

(20) 

(21) 

The following relations are implications of expressions (20)-(21): 

03 - u,~u'~ =0,  - -  UmU~U ~ =0.  
O~pO~rO~ s , 0 O~vO~ r 0 

(22) 

We now give a more detailed analysis of the even- and odd-rank anisotropic two-point correlation tensor for 

near points. 

If the second-rank tensor (21), w-ritten out to fourth powers of ~, satisfies the incompressibility con- 

dition 

a 
- -  uiu~ - 0, 
0~k 
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af te r  some s t ra ightforward manipulations we obtain the re la t ions  

bran = - -  (4aoSm,, + cm~R,,,), 

1 ymjt~Rs,~) 

Due to the symmet ry  of the coefficients bmnandftmn j l under the  permutat ion of indices m and n we obtain 

ernr~ -~  CO~mn , "~rajls ~ ~ j l ~ r n s .  

Consequently, the given t ensor  can be rewr i t ten  in the f o r m  

u~u; = Rib + [ao (~i;h.- 2r~ih) + ~ -  Co (r~Rih 

_R,~,,~,~,fiih)l+[+am,,;,~;,~(r162 3 r28,h ) 1 ] } 2 + -~. ?,~,,~,,,~,, (r2R~h -- RJl~i~zSih) + . . . .  (23) 

F r o m  the express ion  for  the second-rank  isotropic cor re la t ion  t ensor  fo r  near  points we infer  

(h;Qi,k)0 = - -  15~p (2)* (̂2)* "d \ Or~ [ O2f ~o 61k' ^(2)*_ 1 
kg 2 " 

There fo re ,  bear ing condition (17) in mind, we can introduce the following definition of the second-o rde r  
t ensor  of mic rosca l e s  of anisotropic two-point  cor re la t ions :  

(2) I (h:u,u~)o" (24) i ,k  5q ~ 

If the t ensor  (23) sat isf ies  condition (24), we obtain the following re la t ions  fo r  the sca la r  coefficients  of the 
second powers of ~: 

- l ~ ( : )  1 ~(2) 1 . ( 2 ) c ,  r  8 
T Ps,s (Sih--- a 0 = ~ - , v i , k  . -~-e,,s 0~"~h-- ~/~,, (25) 

in which ao= ao/p~ )s, Co = c0/P(sZ!s a re  dimensionless  sca la r  coeff ic ients .  It is in teres t ing to note that,  ac -  
cording to (7) and express ion  (25), the dissipat ive function in the double co r re la t ion  equation (3) has the fo rm 

Oui Ou r 1 vhxu~u ~ -- + vq 2 (a -- 2v -- 5)p~,~Sih(:) + 2vap~2~ ) u~uj , (26) 
Ox~ Ox h 2 

where  o~ = - 3 % :  

Comparing (26) with the analogous express ions  der ived by Chou in [71 and Rotta in [8], we perce ive  
at once that the la t te r  a re  applicable only in uniform turbulence.  In the presen t  study it is not n e c e s s a r y  to 
t r ea t  express ion (26) as an approximation [containing the unknown coefficient  ~] of the cor re la t ion  (7), be-  
cause  we have the differential  equation (9) for  the t ensor  (A~ui---u~) 0, We use  express ion  (25) to de te rmine  ~0. 
Thus,  since (25) holds fo r  any fixed indices i = ~0 and k = ~, the coeff icient  c o can be r ep resen ted  in the fo rm  

+ (2)~ 
- 9 i ~ ,  / �9 1 

c o = 5. 6~, vss-(2~ ,I R e , -  &~r 

By analogy with (24), in accordance  with condition (17) we read i ly  deduce the re la t ion  

( A;A; uT~)0 35 q,l}#) 
3 

l(2)* i , k  ~ - - - -  
1 ( O a f )  /(2)* (Oaf  
5 aTo6 '~ ;  s , , -  ~o~ /o" 

where  

(27) 

(28) 

If the t ensor  (23) sat isf ies  condition (28), we can der ive  the following re la t ion between the coefficients  

amn and Ymn: 

1 3 4 ' 6  



a m n  - -  358 l(2)mn + I~2~ ) + - - ~  7*s 3 7psR~ 5 ~  - -  245 7**R.m" 

B e a r i n g  in mind  the  e x p r e s s i o n s  ob ta ined  above  f o r  the  coe f f i c i en t s ,  we  r e p r e s e n t  the  s e c o n d - r a n k  
c o r r e l a t i o n  t e n s o r  (23) in the  fo~m 

{ 1 ( 3 r ~ 5 , ~ ) ( [ @ l ( ~  , 

1 / 61 1 5 +--~-7..R.. ,)  ~m~,~) + " 

w h e r e  e 0 is  d e t e r m i n e d  b y  e x p r e s s i o n  (27). I t  is  e a s i l y  ve r i f i ed  tha t  (29) co inc ides  with Qi, k unde r  i s o t r o p y .  

Us ing  e x p r e s s i o n  (29), we  r e p r e s e n t  the  "unknown" func t ions  of the  s e c o n d - r a n k  t e n s o r  in Eqs .  (9) in 
the  form 

0 ~ ~ )  1 ~=~(~v~i 

F~n = 5z,~6j,, + 61,~5j~-- 45~,fi~j + 2S o (Ru6,~ ~ - -  Rm,~Su). 

(30) 

We nex t  c o n s i d e r  t h e  t h i r d - r a n k  t e n s o r .  K the  t e n s o r  (21) s a t i s f i e s  the  i n c o m p r e s s i b i l i t y  condi t ion 

0 
u~uy'~ = O, 

O~h 

we can  d e r i v e  the  fo l lowing  r e l a t i o n s  f o r  the  coe f f i c i en t s :  

2 2 
b o = - -  _ _  Co, bm,,gij = - -  _ _  (5a05m~5i~ + c,w'~i~ + Cmi5ir, @ C~nSij). 

3 5 

Ta ldng  t h e s e  r e l a t i o n s  into account ,  we w r i t e  the  t e n s o r  (21) in the  f o r m  

uiuiu'k = qa 2 

(31) 

From the isotropic triple c o r r e l a t i o n  expression we obtain [241 

where 

0gj ]o = - -  v~,k , 

1 ( O3h ) ( o3h 
v,,~ = 7 ~  0 - V - / 0 ~ , ~ ,  = - 

Consequen t ly ,  b e a r i n g  condi t ion (17) in :mind, we  def ine  the  t h i r d - o r d e r  t e n s o r  of m i c r o s c a l e s  of an i so t rop i c  
c o r r e l a t i o n s :  

i ,k= 70q 3 \ 0~j /o " 

If (31) s a t i s f i e s  condi t ion (32), we obtain  

5 (or" (3) (3)5 1 5 (3) o _ oapm,~--13 , c~ - -  p . . . .  

Also ,  we can readily show that* 

c ~  10q 3~ 0~ uiu~u~) o = 0 .  

(32) 

*It can be shown analogously that any two-point correlation tensor of odd rank does not contain first powers 
of ~. 
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Thus, the express ion for  the th i rd - rank  anisotropic cor re la t ion  tensor  fo r  near  points is wri t ten in 
the fo rm 

u~uf'k = 31/-5" 8 
1 [35 (A0)  ~. ~. (aT (37 } (33)  
5 

Using express ion  (33), we r ep re sen t  the "unknown ~ functions of the th i rd - rank  tensor  in Eqs.  (9) and (12) 
in the form.* 

[ 0 A - -  ~ ] -- 70 ..,3~,o) 
0~k 3]fl3- " vq , (34) 

- - T  - ~ p u i  o=_ u , ~ u , ~ u :  __ 35 qa/3~O) _(3)5 ) 

We est imate  the unknown function (A~pUrUs) 0 appearing in Eq. (14) for  uniform turbulence:  

0 2 , �9 P";";)o ( , (37) = - -  ~ U m U n U r U s )  0 �9 
P 

We express  the s econd- rank tenso r  of t r i p l e - co r r e l a t i on  mic rosca l e s  p?). andthetensor/!2) ,  in t e rms  of 
l,J 1,3 

the tensor of double-correlation microseales ^(z) for which we have a descriptive differential equation, It 
Pi, j' 

can be shown that the following relations hold for isotropy: 
1 

p(3)* 1 S * " ( 2 ) * r  ^(27"~*/2 t(2)* 1 Q* (~'212- ~(2!* [ (2)*~1/2 ( 3 8 )  

2 2v 

in which S* = (SUr/SXr)~/[(OUr/OXr)2]~/2 is the a s y m m e t r y  coefficient  of the density function for  the proba-  
and S,*, = 2v (82Ur/DX2)2/[(0Ur/SXr)2]~/2 is a dimensionless  coefficient  bil i ty o f  the veloci ty  der ivat ives  [2] 

composed of mixed moments ,  i . e . ,  the f i r s t  and second der ivat ives  of the veloci ty  fluctuations [28]. 

Bear ing in mind condition (17) and re la t ion (38), we obtain for  anisotropy 

( 3 7  1 o (27 (2) ~/2 p~,; ~p~.: (p~.~) , 
2 

i(2) 1 ] o (2) ~(2)'~I/2 
- -  q ' )  ,~P i , i ( - �9 - -  ps,s) , 

-~,i : 2V 3 'v 

t 0 - -  

6 . _ _ \  0~ J ] 0  6 (Ath~u~u:/ 
S 

Taking relat ions ~(5), (7), (10), (13), (22), (24), (28), (30), and (34)-(39) into account, we wri te  Eqs.  (3), 
(4), (9), (12), and (14) in the form% 

O---~ uiuj + U~ o-~h + u~u~ O0~ + uf~ OU~oxk "12 vA~uiuj 

I ( 0 put+ 0 pui)+ O__~u~uf~=O, 
+ ox--/ 

*The left-hand side of (35) is obtained by differentiat ion of (12) with r e spec t  to ~j at ~ = O. 
SWe make use of the obvious re la t ion 

OxpOx-,. ~ . . Ox~ A B u i u i  . . .  u _ OxpOxr .  �9 �9 Ox t u~u] . �9 �9 u m �9 

1348 



OUi 0 , uu'ul OUh + U ~ U h U l - -  0 U~U.jUh @ Ut - - u i u j u h  
& Ox~ ' J Ox~ Ox~. 

- ~  LliblhU l - -  - -  
- -  OUj 

O& 

0 - -  0 
1 vA~ uiuju h + uku t - -  u~u~ + uju z - -  u~u~ 
4 Ox l Ox I 

o 1 ( � 9  + u~uz - - u j u ~  + + - -  
OXl ~ O  PUJUh ) O puiu ~ §  i = O, 

Ox.i Oxk 

1 h~pu~-t -  OU~ 0 u,,u.-~ 1 02 
- -  �9 - -  U m U n l t  r O, 
4 9 Ox. Oxm 4 Ox~Ox~ 

1 h x pu,.u, + OUm 0 
_ _  _ _  t tn  t lrU 8 
4p Ox,~ Oxm 

1 0 ~ 
@ - - -  

4 Ox~Ox~ 

0 - 0 
P~,i § Uh ~Ox-- & 

- -  . + . + . . 7 5 ; )  = o ,  

- _ 1 ( ~ x h  A,:Uj' U jUh~xh  AU~ ) +  P~,i ~ uiuh 

0 1 - -ii OUh OUi 1 AxU h - u ~ u ~ -  - -  
- -  2~ Ox h 15 O~'~t~lk OX~ + ~,k OXh 

1 3 
- OU~ 77 _ -  - - ~  7 - y  

1 

7 S - --z- 1 vA~pi, ] + Pi,i 9s,~ = 0 (~,i = q~9}2)" 
2 3 / 5  " 

The foregoing equations in combination with Eqs. (1)-(2) form a closed system of equations describing 
the dynamics of nonuniform turbulence. This system includes two statistical coefficients, S and Sv, which 
are directly measurable statistical characteristics of the velocity fluctuation field. The indicated coeffi- 
cients have been investigated in adequate detail both theoretically and experimentally for the isotropic case 
[28-31]. The remarkable property of these coefficients is their conservatism under variation of the turbu- 
lent Reynolds number (for R; > I00), whereby the coefficients may be regarded as universal constants (S* 

-~ -0.4; S* = 0.6). The conservatism of the asymmetry coefficient with respect to the turbulent Reynolds 
number (for Rp > 150, corresponding to a value of the universal coordinate x2v./v -~ 80) has been demon- 
strated experimentally for nonuniform turbulence [23], where the characteristic S varies between the Ifmits 
-0.3 to -0.4, depending on the average-flow Reynolds number. Consequently, the values of S determined 
for isotropy and anisotropy practically coincide. Insofar as the authors are aware, the coefficient S v has 
never been measured for nonuniform turbulence. Therefore, the approximate value of this coefficient is 
S v = 0.6, as determined "theoretically" by means of the Heisenberg hypothesis on the spectral transfer of 
energy and as confirmed experimentally [28]. 

x i 
P 

T 

P 

Ax 
Ui 

ui 
P 

P 

(Ui)A 
(ui) B = .a i 
[F(~)]0 

NOTATION 

are the rectangular coordinates (i = I, 2, 3); 
is the kinematic viscosity; 
is  the t i m e ;  
is  the dens i t y ;  
i s  the  L a p l a c e  o p e r a t o r  on the v a r i a b l e  x;  

i s  the a v e r a g e  f low ve loc i ty ;  
is  the ve loc i t y  f l uc tua t ion ;  
is  the a v e r a g e  p r e s s u r e ;  
is  the  p r e s s u r e  f l uc tua t ion ;  
f l uc tua t i on  at point  A; 
is  the f luc tua t ion  at point  B; 
is  the func t ion  eva lua ted  at the  point  ~ = 0; 
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c 
q = (uiui)I/2; 
r2 =~i; 

L 

Pkc = ~f3(CUk)/q~; 

Rij = 3(uiuj)/q2; 

Sij k = 3~f3(uiujuk)/q 3 
(f) ,  

f(r)  = UrUr/U 2 
h(r) = Un---~nu~/(fi2)3/2 

kg ff~2v ~^ (2)~2/2 
Rp ui X~,ss ~ 

Rp = v ,  = ~ww/P 

is the scalar substance; 

is the differential operator symbol; 
is the L~place operator on the variable ~; 

are single-point correlation coefficients; 

is the symbol for a function in the case of isotropy; 
is the longitudinal double correlation coefficient; 
is the triple correlation coefficient; 
is the t ransverse scale of isotropic turbulence; 

is the turbulent Reynolds number; 
is the dynamic velocity. 
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